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DAY 2 

Combustion with Flame Propagation  
    
a. One Dimensional Steady Flow formulation. 
b. Rayleigh and Rankine-Hugoniot equations. 
c. Detonation. 
d. Deflagration. Thermal theory. Flame Speed Dependencies. 

Laminar Diffusion Flames     

a.    Flame Structure and Mixture Fraction.  
b.    Infinitely fast chemistry. Flamelet concept. 
c. 1D Steady Diffusion flames. Strained/Unstrained. 
d.  1D Unsteady Diffusion flames. Strained/Unstrained. 
e. Diluted conditions. Diffusion Ignition processes. 
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LAMINAR PREMIXED FLAMES 
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FLAME PROPAGATION 
1D STEADY FLOW FORMULATION. 
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FLAME PROPAGATION 
1D STEADY FLOW FORMULATION. 
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FLAME PROPAGATION 
BALANCE EQUATIONS 

∂ρ
∂t +∇ ⋅ ρv( ) = 0

∂ ρv( )
∂t +∇ ⋅ ρvv( ) +∇ ⋅ Jv = −∇p

∂ ρhtot( )
∂t +∇ ⋅ ρvhtot( ) +∇ ⋅ Jhtot = 0

Continuity

Momentum

Enthalpy

d
dx(ρu)= 0

d
dx(ρuu+ Ju,x + p)= 0

d
dx(ρuh

tot + Jh,x)= 0

Hp:

-1D
-   Stationary System

 

! ρ1u1 = ρ2u2

 = ρ1u12 + p1 = ρ2u2
2 + p2

htot =
u12
2
+ h1s + h10 =

u2
2

2
+ h2s + h2o

Integration along the x-direction
between IN and OUT conditions
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FLAME PROPAGATION 
RAYLEIGH LINES

 �

!�2

ρ1
+ p1 =

!�2

ρ2
+ p2

 �
p2 − p1 = − !�2 1

ρ2
−

1
ρ1

⎛
⎝⎜

⎞
⎠⎟

P1

1/ρ2

P2

1/ρ1
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FLAME PROPAGATION 
DEFLAGRATION
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FLAME PROPAGATION 
DETONATION
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FLAME PROPAGATION 
RANKINE-HUGONIOT

h2s − h1s =
p2 − p1( )

2
1
ρ2

+
1
ρ1

⎛
⎝⎜

⎞
⎠⎟
+ Δho

FROM BALANCE EQUATIONS:

hs = cpT =
cp
R

p
ρ
=

γ
γ −1

p
ρ

γ
γ −1

p2

ρ2
−
p1
ρ1

⎛
⎝⎜

⎞
⎠⎟
=

p2 − p1( )
2

1
ρ2

+
1
ρ1

⎛
⎝⎜

⎞
⎠⎟
+ Δho

HP:
-IDEAL GAS
- CP= COST

p2

p1
=

ρ2

ρ1

γ +1
γ −1+

2Δho

p1 ρ1

⎛
⎝⎜

⎞
⎠⎟
−1

γ +1
γ −1−

ρ2

ρ1

=
(γ +1) 1

ρ1
− (γ −1) 1

ρ2
+ 2(γ −1)Δh

o

p1
(γ +1) 1

ρ2
− (γ −1) 1

ρ1

PRESSURE RATIO
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FLAME PROPAGATION 
RANKINE-HUGONIOT CURVES

a

P1

1/ρ2

P2

1/ρ1

solutions of balance equations

1
ρ2

=
1
ρ1

γ −1
γ +1 p2 →∞

1
ρ2

→∞ p2 = −p1
γ +1
γ −1

Asymptotic behaviours
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FLAME PROPAGATION 

a

P1

1/ρ2

P2

1/ρ1
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FLAME PROPAGATION 
CLASSIFICATION 

p2 > pCJ > p1

p2 = pCJ > p1

pCJ > p2 > p1

p1 > p2 > plim

p1 > plim = p2

p1 > plim > p2

Strong Detonation

Chapman-Jouguet Detonation

Weak Detonation

Strong Deflagration

Limit Deflagration

Weak Deflagration
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FLAME PROPAGATION 
CLASSIFICATION 
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DETONATION

Detonation is a combustion process in which there is a compression of 
the gaseous mixture from the inlet condition to products.

In the case of stationary detonation and due to the constraints imposed 
by the conservation of mass, momentum and total enthalpy, gases also 
undergo a density increasing and deceleration.

The detonation is defined as strong or weak depending on whether the 
pressure is greater or less than that of "Chapman-Jouguet (C-J).  

The latter is defined as the solution obtained when the Rayleigh line is 
tangent to the Rankine-Hugoniot curve and takes its name from the 
authors (Chapman D.L, 1899; Jouguet E., 1906) .
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DETONATION 
C-J CONDITION

Rankine-Hugoniot and Rayleigh curves admit a single solution in the conditions of 
Chapman-Jouguet (C-J), i.e. where the two curves are tangent to each other.
The generic tangent to the curve of Rankine Hugoniot is given by the derivative of the 
pressure ( p2 ) in relation to the specific volume (1/ρ2 ). This can be obtained, in turn, 
by deriving, with respect to 1/ρ2 both the members of the Rankine Hugoniot .
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DETONATION 
C-J CONDITION
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DETONATION 
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DETONATION 
H2 /O2
100 kPa
298 K

H2 % D-CJ  m/s D-CJ  %

66 2818 1.6
80 3408 2
85 3638 5
87 3720 6
88 3755 7

H2/CO/O2/Ar
3..3/30/16.7/50
298 K

p, kPa D-CJ  m/s D-CJ   %

33.3 1629 3.7
26.7 1623 3.5
20.1 1615 5.4
13.3 1603 7.3
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STRUCTURE OF A PLANAR DETONATION 
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A propagation process, in which the release of energy generates an 
expansion (lowering of density and pressure) in the region occupied by the 
products of the oxidation reaction, is called deflagration. 

The lowering of the pressure is almost always a negligible fraction of the 
average pressure detectable in the whole region affected by the combustion 
process. Therefore, the process is considered almost isobaric. 
The expansion of the part of the mixture in which the combustion took 
place generates the velocity increase.

The region of the space in which the combustion process propagates during 
deflagration is usually referred to as the "flame front" or "combustion wave". 
The terms "deflagration" and "laminar premixed flame" are used in practice 
in the same scientific sense, although the second (flame) is generally 
associated with phenomena of light emission that extend its meaning in 
common use. 

DEFLAGRATION



aa

u1
T1
P1
ρ1
Yi,1

} u2
T2
P2
ρ2
Yi,2
{u1 u2

Flame Front

Reactants Products

ρ2  <  ρ1

P2  <  P1 but ΔP  =  P1 - P2   <<   P1

u2  >  u1

Usually reported as Planar premixed flame

Hp:
 +∞   e    -∞      derivative of each 
primitive variable is null

adiabatic system

DEFLAGRATION



DEFLAGRATION



DEFLAGRATION- Thermal Theory
Mallard / Le Chatelier  Model

• Hypothesis:

• 1D motion

• Stationary

lDF = region controlled by 
diffusion

lF = flame front thickness

lPF = post-combustion 
region
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The one-dimensional field is 
divided in 3 zones in series:

1) Region governed by convection 
and diffusion
2) Region governed by the 
convection and production of 
sensible enthalpy up to TF

3) Region governed by the 
convection and enthalpy 
production up to Tad 

DEFLAGRATION- Thermal Theory
Mallard / Le Chatelier  Model



 

∂ρhs

∂t +∇ρvhs − ∇ ρα∇hs( ) = − !ρih∑ i
o

Balance of sensible enthalpy

Hp:
- 1D
- Stationary

d(ρuhs)
dx −

d
dx ρ d

dxh
s⎛

⎝⎜
⎞
⎠⎟
= 0

 

d(ρuho)
dx = !ρi∑ hio

Balance of Sensible Enthalpy in  lDF

Balance of Chemical Enthalpy lF

 

∂ρho

∂t +∇ρvho − ∇Jho = !ρih∑ i
o

DEFLAGRATION- Thermal Theory
Mallard / Le Chatelier  Model

Balance of chemical enthalpy



Cp=constant

d ρuT − ρα dT
dx

⎡
⎣⎢

⎤
⎦⎥
= 0

integrating between the undisturbed condition (subscript 0) and the condition of ignition 
(subscript i), also considering that the convective flow of mass is a constant, is obtained 

ρu Ti −To( ) − ρiα i
dT
dx

⎛
⎝⎜

⎞
⎠⎟ i

= 0
Hp:

- Linear Temperature gradient in the flame region

- Convective flux evaluated in the Ignition point

-  Flame Speed is defined as:

dT
dx

⎛
⎝⎜

⎞
⎠⎟
=
TF −Ti

lF

ui = vF

vFlF = α i
TF −Ti

Ti −To

The Laminar Flame Speed  vF is the gas velocity in the ignition point

DEFLAGRATION- Thermal Theory
Mallard / Le Chatelier  Model



vFlF = α i
TF −Ti

Ti −To

Burning velocity uo=
ρi

ρo
vF

Relation between flame speed 
and flame thickness

Integrating twice the balance of sensible enthalpy in the region controlled by the diffusion

vFlDF = α i  ln
Ti −To

T −To

⎛
⎝⎜

⎞
⎠⎟

DEFLAGRATION- Thermal Theory
Mallard / Le Chatelier  Model



Flame speed estimation

Integrating the balance of chemical enthalpy in the flame region

 
ρiui hFo − hio⎡⎣ ⎤⎦ = !ρihio( )dx∑xi

xF∫

we can define a conversion degree

 
ε(x)=

!ρihio∑
ρi hFo − hio⎡⎣ ⎤⎦

vF = ε x( )dx = ε
i

F
∫ lF

vFlF = α i
TF −Ti

Ti −To

ε(x) :

ε ∝ exp −
1
T

⎛
⎝⎜

⎞
⎠⎟
pn−1

vF = αi
TF −Ti

Ti −To
ε



Laminar flame speed depends on various parameters such as 
ambient temperature, air/fuel ratio, fuel nature and pressure

Deflagration/dependencies

vFlF = α i
TF −Ti

Ti −To
vFlDF = α i  ln

Ti −To

T −To

⎛
⎝⎜

⎞
⎠⎟

vF = αi
TF −Ti

Ti −To
ε
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Fig. 3.7 Influenza della temperatura ambiente sulla velocità di combustione. (Introduction to Combustion

Phenomena, A.M. Kanury, Gordon and Breach Science Publ.,N.Y., 1975).

Fig. 3.8 Andamento della velocità di combustione con la temperatura adiabatica. (Introduction to

Combustion Phenomena, A.M. Kanury, Gordon and Breach Science Publ., N.Y., 1975).

Effect of ambient temperature
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Fig. 3.9 Velocità di combustione contro il rapporto aria combustibile. (Introduction to Combustion

Phenomena, A.M. Kanury, Gordon and Breach Science Publ., N.Y., 1975).

Lezioni di Combustione Cap.3 Combustione con propagazione

112

Fig. 3.9 Velocità di combustione contro il rapporto aria combustibile. (Introduction to Combustion

Phenomena, A.M. Kanury, Gordon and Breach Science Publ., N.Y., 1975).

effect of fuel/air ratio



flammability limits



flammability limits



flammability limits



Inert effect

methane %

% of Inert added to the mixture
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Fig. 3.10 Massima velocità di combustione come funzione del numero di atomi di carbonio nella

molecola del combustibile. (Introduction to Combustion Phenomena, A.M. Kanury, Gordon and

Breach Science Publ., N.Y., 1975).

d) dipendenza dalla pressione ambiente

• La diffusività ha una dipendenza dalla pressione come quella della densità

D ∝
1

ρ
∝
1

p
(3.46)

• la velocità di reazione media ε  dipende dalla pressione con una legge del tipo pn−1

(come osservato in precedenza), pertanto la u
o
 o la v

F
 dipendono dalla pressione

come

u
o
∝ v

F
∝ p

n−1−1
= p

n−2

2 (3.47)

Si osserva sperimentalmente che u
o
 non dipende dalla pressione per molti

combustibili per cui si può ipotizzare che l'ordine complessivo della reazione é

circa 2.

Fuel nature effects



Effect of the Pressure

D ∝
1
ρ
∝

1
pDiffusivity

Conversion degree ε ∝ exp −
1
T

⎛
⎝⎜

⎞
⎠⎟
pn−1

uo ∝ vF ∝ pn−1−1 = p
n−2
2

It is observed experimentally that u0 does not depend on the pressure for many 
fuels so it can be assumed that the overall order n of the reaction is about 2.



single-step reaction rate parameters



Zel’dovich number
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